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ABSTRACT
The object of this paper is to evaluate the Euler, Laplace, Whittaker, K- transform and fractional Fourier transform
of order a, 0 <a <1, of the (3m)-parametric multi-index Mittag-Leffler function defined by Paneva-Konovska [6].
The results established in this paper would provide extensions of those given in earlier works. The result obtained is
useful applied problem of science and engineering.
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I. INTRODUCTION
The (3m)-parametric multi-index Mittag-Leffler function introduced by Paneva-Konovska [6] is defined as

pUian e @
(a)(ﬂ, (2)= Z F(ka +ﬂ)(k')

i i Pk (2)"
=0 'k, + ). .. I'(ka, +,6’m) (k!)m

keR; a;, f,7;,€C; Re(e)>0, m>1,i=12,...m
where () is the pochhammer symbol

1 i (k=0; yeC\{0
(), LU0 :{ (k=0; yC\{0})

I'(y) y(y+)...(y+k-1); (k=neN;yeC)
Particular cases

(i) For m =1, equation (1) reduces to the generalized Mittag-Leffler function [7]
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(ii) For » =1, equation (2) reduces to the Mittag-Leffler function [5]
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(iii) For f# =1, equation (3) reduces to the Mittag-Leffler function [4]

e @f
Ea,l(z)—k% Clkarn) ke ®

More detail about Mittag-Leffler function and their application can be found in the paper by Saxena et al [9, 10, and
11].

The following definitions are also needed in the analysis that follows:
Definition 1

Euler Transform
The Euler transform of the function f (Z ) is defined as

1
B{f(z);a,b}zj V1= f(z)dz  a,beC,Re(a)>0,Re(b)>0 (5)
0

Definition 2:

Laplace Transform

The Laplace transform of the function f (t ) , denoted by F (s) is defined by the

[ee]

equation F (s) =(Lf) (s) = L{f ()is} = [ e f () dt  Re(s)>0 (6)
0

which may be symbolically written as

F(s)= L{f (t);s} or [ (t) = L {F (s);1}

provided that the function f(¢) is continuous forf > 0 and if exponential order as ¢ — co.

Definition 3 Let u= u(¢) be a function of the space S (R) , the Schwartzian space of the function that decay
rapidly at infinity together with all derivatives.

The Fourier transform is given by the integral

i (@) = S[ul(w) = [ U (@) exp (iot)di ™)

and the inverse Fourier transform can be defined as
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34]@) = i jRﬁ(w)exp (—iwt)dw @®)
Definition 4 (Lizorkin space) : Let V' (R) be the set of functions
V(R):{ueS(R) 0™ (0)=0, n=0,1,2,...}. ©)
The Lizorkin space of function g(R) is defined as
$(R)={pecS(R):JI[pleV (R)}. (10)
Definition 5: Let u be a function belonging to ¢(R).

The Fractional Fourier transform of the order &, 0 < & <1 is defined by

iy (W) = Sy [u)(@) = [ e’ " u e an

Ifput & =1, equation (11) reduces to the conventional Fourier transform and for @ > 0, it reduces to the Fractional
Fourier Transform defined by Luchko et al [2].

Lemma 1 Let u be a function of the space ¢(R), let & be areal number, 0 < & <1, then

~ o~ _Ja
S [ul(@) =J[u](x), for x=a (12)
The inverse Fractional Fourier transform of the order &, 0 < @ <1, u € AR) is defined as

l-a

-1 (n 1 i Va, —
\Sal{ua(a))}(t)zﬁjjee T () @« dw (13)

The following result will be required in evaluating the integral (22).

J. V2 ol W, (1) di A7 2+ p+0)I'A/2—-p+0) Re(v+ 14)>—~1/2. (14)
. ’ r(1-4A+v)

where the Whittaker function W/I, P (2) is defined in [1](see also Mathai et al [3])
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r(-2 rQ
W,.,(2)= 1( 2 M (2) + — G M,_,(2) (15)

where Mﬁ”ﬂ (Z) is defined as
V24+u ~1/2z 1 : ,
MZ"U(Z):Z 'ue lFl(E‘l‘ﬂ_/l,zlLl'i‘l,Z)
Mathai et al 3, p. 54, Eq. 2.37] defined result will be used in evaluating the integral (27).

< +
[t K, (ax) dv=2"2 07" r(%) Re(a)>0. 16)

The generalized Wright hypergeometric function p\Pq (Z) is defined by Wright [13-15] (also see [12, p 21]) in the

following form:

(alyﬂ),“w(ap,Ap) 25 [II ai+_[\#1)]zn
ptq (bl,Bl),,..,(bq,Bq) 4 [H (bj+Bjn)Jn! (17)

where a; , bj e C and Ai R Bj e R (i=1,....,p ; j=1,...,q) and the defining series (17) converges for
Z B. Z A > —1.
j=1 L

Definition 6: Let «; >0, £.,7,€C; y;#0,-1,-2,... for i=1,2,...,m. Then the multi-index Mittag-
Leffler functions (1) are Wright’s generalized hypergeometric functions of the form given by [6, theorem 3, p 1093]

%)m B (71:1)9---9(7/m9 1)

ARCE Hr% e (Bea)o-. @) @by | 0¥

Theorem 1. (Euler Transform): If K€R ; m >1; a;, i,j/i,ﬂ,é‘ec ;Re(ai)>0, i=1,2,...,m, then

J-’H(l )51 )(ﬁ)( a)dz

) 36
G JESR (O)Global Journal Of Engineering Science And Researches



[Daiya, 2(8): August 2015]

e (75 )se s (Zs 1) 5 (m20)

T m m+1\P2m {
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Proof : - Using equation (1) and (5), it gives

j’?l(l 2)%- ((7’;?;)(xa)dz

e G ()
(1 2 Zr(ka+ﬂ) (k)"

Il
S —

0

(7/ )k (x) ok+n-1 Z o-1 7
Z1“(1(0( + ) (k)" I (=27 d

Z ) O T(ck+nI(S)
o L(ka, + B) (k)" T'(ck+n+0)

I'(5) Z C(y,+k(ck+n7)  (x)F
ﬁr( o ke, + B)U (ck+n+0) (k)™

This completes the proof of the Theorem 1.
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Corollary 1.1 For m =1, equation (19) reduces in the following form given by Saxena [8]

1
Bl 4 N6 (o) g L(S) (1) (n.0)
e, =) quzl:(ﬁaa),(ﬂJr&O')’x @

Theorem 2. (LaplaceTransform): If keR ;m>1; a;, i,}/i,ﬁ,GEC ;:Re (S)>0, Re (Oll-)>0,

‘ x
1=12,...,m and |—| <1, then
s

I 17 o7 E((Z;;nﬂl) (x z° ) dz

S_77 (7131)3'--(7/,11,1),(77,0') ;
o m Fome e Be1)
]m[r(y) (L @) (B @, )LD, (LD s

i=1

Proof : - Using equation (1) and (6) and gamma function formula, we obtain

]3 s gl )(xza) "
0

0

o 3 (z%)"
iz U(ka, + ) (k)"

(@B

S =8

_ c (7i)k (X)k ¢ ZO'k+77—1 =Sz g
,é) [ (ka,+B) (k!)" £ )

38

(O)Global Journal Of Engineering Science And Researches



[Daiya, 2(8): August 2015] ISSN 2348 - 8034
Impact Factor- 3.155

o0

3G (0" T[ok+7]
= Tka,+B) (k)™ sk

sTT & D(y, +k)T[ok+n] (x)F

[1r() " T (ka,+f)s7" (k)"

This completes the proof of the Theorem 2.

Corollary 2.1 For m=1equation (21) reduces in the following form given by Saxena [8]

0 — (7/’ 1) > (a,O')
1 —sz > _ S 7 X
‘([ T ™% Ea’ﬂ(xza)dz _—F(;/) > (ﬂ, a) o @2

Theorem 3. (Whittaker Transform): If keR ; m >1; o, ., 7;, p,0€C ;Re(e;)>0,i=1,2,...,m,
Re(p)>0, Re(pt pu)>—-1/2 then

T p-1 _—pt/2 (7),m S
£ WL () E (wt )dt

P (7 D)oo (s 1) (/22 0+ p,5) y

= m+2 ¥ 2m P 5 ((23)
m (B.a)es(Bs @) (LD, (LD, (1= 2+ p,8) P
HF(}/[)
i=1

Proof : By virtue of equation (1) and (14), it yields
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T p-1 —pt/2 (7:),m )
_([ P e Wow(pt) B0 (wt )dt

o 0 k ok
p-1 ptl2 g e W)™ O
! P71 e 2. (D) kZ:%) Pk + B) (k1) t

It we set Pf= U, then above line is equal to

p-1 ) k Sk
-v/2 | U w (7i)k (w) (i] L d
¢ [pj T S v

Il
oS — 8

k
= p S (7i)k w < _u/2 Skt o1
=p ka::O F(kai+ﬂi)(k!)m {péJ ‘([ e (v)°**P le,,u (v)dv

k
T(/2+ u+3k+ p) F(l/2—,u+§k+p)( WJ

%)

— p—pi (7i)k p

k=0 T (ke + ) (k)" [(1-A+0k+p)

k
PP & T(+k) r(1/2+y+5k+p)r(1/2—y+5k+p)(w]

ﬁr(%)k:o T (ka,+ 6) (k)" T(1-A+3k+ p) 9
i=1

This completes the proof of the Theorem 3.

Corollary 3.1 For m =1, equation (23) reduces in the following form given by Saxen [8]
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® o (. 1), (1/2+u+p,5)
Pl —pt/2 y S\ p_ D" ‘-
_([ e W (pt) Ea,ﬂ (wt )dt F( ) 2 (,8, a),(l—/1+p,§) p5 (24)

Fractional Fourier Transform (FFT) of multi-index (3m-Parametric)Mittag-Leffler function

Theorem 4: If k€R ; m >1; al-,ﬂi,yi eC ;Re(ai)>0, i=1,2,....m,0<a <1, for FFT of order
¢ of the multi-index (3m parametric) Mittag-Leffler function

l & k-1 —(k+D)g ;_\—k
5[ o)) {HF %} AL U R GV NCZR)

T 25)
k=0 (ke + f) (k)

Proof : - Using equation (7) and (11) and gamma function formula, it gives

i i V (i)>
SG[ ((y)(ﬂ (t)}( ) =[od” T E L, O

(@).(5;)
_ [ iV Ay (0"
Jie Z o T (ka, +B,) (k)"
i (7/')k J' za)l/gt dl‘

izo T (ka,+ p) (kD"

.1/
If weset 1 QW °t :—f , then

k
- (7:)k 0 ¢ - -d&
Z o T (ka, + ) (k)™ Le [ia)l/gJ (im”gJ
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Te—‘f ckage

0

_ Z (7;’)1{

=0 T (ka, + B) (O o **De (—DF (k™

_ f (7)x T(k+1)
=0 T (ka,+ ) (O o™V Dk

_ i (7)) () o ks )R (k+1)
k=0 F(kai+:8i)(k!)m

This completes the proof of the Theorem 4.

Corollary 4.1 For m =1, equation (25) reduces in the following form

o) R N O R o VI
3 Earn O)(@)5 (7) kzo I (ka +f)

(26)

Theorem 5. (K-Transform): k€R ; m >1; o, B, y;, p,0€C ;Re(ar;)>0, i =1,2,...,m, then

o0
-1 (7;).m 268
77 K, (at)E (xt )dt
j o (af) ()5
0
to
o - (7 D (s 1) 5 | £5206
:m—m+2\P2m—1 s (27)
1) (B, ) o(B,. @) (LD,..., D, ¢
i=1
Proof : - Using equation (1) and (16) , we obtain
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i o1 (7;).m 268
_([t K, (a)E] ﬁ;)(xt )dt

0 k 20k
-1 K (7i)k (x) (t) d
K@ 2 s gy

[l
O — 8

_ - (7/1')/6 (x)k T tp+2§k—1 K (at) dt
izo [ (ka, + B)(KY" 0

S ANCN 2 P+25k=2 ~(p+25k) F(Pi0+25kj
i=o I (ko + B)(kD)" 2

IR N 256 F(piwwkj(zjm

S T (ka, + B) (k)" 2 a

This completes the proof of the Theorem 5.

Corollary 5.3 For m =1, equation (27) reduces in the following form given by Saxena [8]

pLo
% 2P2 4P ) ( 2 ’5j

'([ tp_l KL) (at) Eg,ﬂ (X12§)dt = W 3‘{11

2% x (28)
2n

(£.a), a
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